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Portfolio Construction, Expected Return

e Consider a portfolio with w portion invested in an asset i of
expected return r; := E(r;;) and 1 — w portion invested in the
market portfolio of expected return 7, := E (rym.).

e The return of this portfolio, denoted by r,,, is a weighted
combination of r; ; and 7, ;.

Twt =wWris+ (1 —w)rm . (1)

« By the linear property of the expectation operator E ( - ), the
expected return of this portfolio is

rw = wri + (1 — w)ry,. (2)
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Lemma: Variance of ¢ X + bY

e Let ux =R(X), puy =E(Y), and pz = E(2).

o Let 7 :=aX +0Y.

° uz =E(Z) =aE(X) +bE(Y) = apx + buy

e The definition of variance of is

V(Z2) =E((Z = nz)*) = E ((aX — apx +bY — buy)?)
=E ((aX — apx)® + (bY — buy)? + 2(aX — apx ) (bY — buy))
=d®E (X — px)?) + P E ((Y — py)?)
+2abE (X — px)(Y — py))

=a®V(X) + v V(Y) +2abC(X,Y)

Christopher Ting September 5,2017 3/8



Variance of Portfolio’s Return
« To (1), apply the variance operator V ( - ). Using the lemma, we
get
V (rwt) = w?V (rig) + (1 = w)*V (rme) + 20(1 = w) C (rig, mt)-

e For convenience, we denote
§ 02 : =V (rwg), of:=V(rig) and o2, =V (rmg)

§ The covariance oy, := C (Fis, Tmy)-

« With these notations, the variance V (r.,;) simplifies to

02 = w?o? + 2w(l — w)om + (1 —w)?o? (3)

m
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Slope of CML
@ The slope of the CML is the Sharpe ratio. At w = 0, or for o,,,, we
have
Tm — 1§ dry
Om  doy w=0
Tw
CML

Oy
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Derivation of Slope

. : dry .
@ ltis tedious to compute dL directly.

Ow

© Instead, we have, by chain rule,

dry,
ro _ dw
doy — dow
dw
. dry
© From (2), we obtain T =i m
w
© From (3), we obtain
2awc(l;—w = 2wo} + 2(1 — 20)oim, —2(1 — w)op,,
w

equivalently,
dow  wo?+ (1 —2w)oim — (1 —w)o?,
dw Ow '
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Slope at w =0

@ Putting everything together,

dry

drv — dw i — Tm

dow — dow — wo?+ (1 - 2w)oim, — (1 —w)o?,
dw Ow

Q Atw =0, oy, = 0,,. Moreover, given that the slope is the Sharpe

ratio, we have
'm — Tf T — Tm

- 2
Om Oim — O,
Om
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Slope at w = 0 (conta)

© For any asset i that is not a market portfolio, Ugn —1#0. Sowe
g,

m

multiple it to both sides to obtain

oz,
o
agn(rm —1rf) = (rm—rf) =1 =T
m
©Q Knowing that Uizm = f;, we write,
Um

Bi(rm —1¢) = (rm —7f) + 75 —Tm =175 — T
© Hence CAPM ensues:

ri—rp=Bi(rm —ry)
0
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